In this paper, we acquire the general solution of the undecic functional equation f (x + 6y) − 11f (x + 5y) + 55f (x + 4y) − 165f (x + 3y) + 330f (x + 2y)
Introduction
The stability problem of functional equations originated from a famous "stability" question of Ulam [25] in 1940 concerning the stability of group homomorphisms. In fact, let (G 1 , ·) be a group and let (G 2 , * ) be a metric group with a metric d(·, ·). Given ε > 0, does there exist δ > 0 such that if a mapping h : G 1 → G 2 satisfies the inequality d(h(x · y), h(x) * h(y)) < ε for all x, y ∈ G 1 , then a homomorphism H : G 1 → G 2 exists with d(h(x), H(x)) < ε for all x ∈ G 1 ? Ulam's problem was affirmatively answered by D.H. Hyers [11] for Banach spaces. It was further generalized by a great number of mathematicians ( [1] , [24] , [16] , [17] , [18] , [10] , [23] ). For more detailed information about such problems on quadratic, cubic, quartic, quintic, sextic, septic, octic, nonic functional equations and other types of functional equations, one can see ( [3] , [4] , [5] , [6] , [7] , [8] , [10] , [12] , [19] , [20] , [21] , [22] , [27] , [30] , [31] , [32] ).
In this paper, we find the general solution of undecic functional equation
f (x + 6y) − 11f (x + 5y) + 55f (x + 4y) − 165f (x + 3y) + 330f (x + 2y) − 462f (x + y) + 462f (x) − 330f (x − y) + 165f (x − 2y) − 55f (x − 3y) + 11f (x − 4y) − f (x − 5y) = 39916800f (y).
(1.1)
Moreover, we obtain the generalized Ulam-Hyers stability of the undecic functional equation in quasi-β-normed spaces using fixed point method. Since f (x) = x 11 is a solution of (1.1), we say that it is an undecic functional equation. Every solution of the undecic functional equation is said to be an undecic mapping.
Preliminaries
In this section, we recall some basic concepts concerning quasi-β-normed spaces and m-additive symmetric mappings.
Let β be a fixed real number with 0 < β ≤ 1 and let K denote either R or C.
Definition 2.1. Let X be a linear space over K. A quasi-β-norm · is a real-valued function on X satisfying the following conditions:
(i) x ≥ 0 for all x ∈ X and x = 0 if and only if x = 0.
(ii) λx = |λ| β · x for all λ ∈ K and all x ∈ X.
(iii) There is a constant K ≥ 1 such that x + y ≤ K ( x + y ) for all x, y ∈ X.
The pair (X, · ) is called quasi-β-normed space if · is a quasi-β-norm on X. The smallest possible K is called the modulus of concavity of · .
Definition 2.2.
A quasi-β-Banach space is a complete quasi-β-normed space.
for all x, y ∈ X. In this case, a quasi-β-Banach space is called a (β, p)-Banach space. 
for every permutation {π(1), π(2), . . . , π(m)} of {1, 2, . . . , m}.
. . , x m ), then we denote the resulting expression as B l,m−l (x, y). The difference operator ∆ h for the function f : R → R is defined as follows:
for all m ∈ N and h ∈ R, ∆ h • ∆ f (x) = 0 which can be written in the explicit form as
is equivalent to the Fréchet functional equation
3 General solution of functional equation (1.1)
In this section, let X and Y be vector spaces. In the following theorem, we find the general solution of the undecic functional equation (1.1). Proof. Assume that f satisfies the functional equation (1.1). Replacing (x, y) by (0, 0), one finds that f (0) = 0. Now, plugging (x, y) into (0, x) and (x, −x) in (1.1) and adding the two resulting equations, we get
for all x ∈ X. Substituting (x, y) by (0, 2x) in (1.1) and using (3.1) , one obtains that
for all x ∈ X. Considering (x, y) as (6x, x) in (1.1), one gets
for all x ∈ X. Subtracting equation (3.3) from (3.2), we find
for all x ∈ X. Letting (x, y) as (5x, x) in (1.1), one gets
for all x ∈ X. Now, subtracting equation (3.5) from (3.4), we obtain
for all x ∈ X. Plugging (x, y) into (4x, x) in (1.1), and multiplying the resulting equation by 56, one obtains
for all x ∈ X. Subtracting equation (3.7) from (3.6), we get
for all x, y ∈ X. Replacing (x, y) with (3x, x) in (1.1), and multiplying the resulting equation by 176, one finds
for all x ∈ X. Subtracting equations (3.8) and (3.9), we arrive at
for all x ∈ X. Taking (x, y) as (2x, x) in (1.1), and multiplying the resulting equation by 385, one
for all x ∈ X. Subtracting equation (3.11) from (3.10), we arrive at
for all x ∈ X. Substituting (x, y) as (x, x) in (1.1), and multiplying the resulting equation by 627, one finds
for all x ∈ X. Subtracting equation (3.13) from (3.12), we arrive at
for all x ∈ X. Replacing (x, y) with (0, x) in (1.1), and multiplying the resulting equation by 792, one obtains
for all x ∈ X. Subtracting equation (3.15) from (3.14), we arrive at
On the other hand, one can rewrite the functional equation (1.1) in the form
for all x ∈ X. By Theorems 3.5 and 3.6 in [29] , f is a generalized polynomial function of degree at most 11, that is, f is of the form
where A 0 (x) = A 0 is an arbitrary element of Y , and A i (x) is the diagonal of the i-additive symmetric
x). By (3.16) and
A n (rx) = r n A n (x) whenever x ∈ X and r ∈ Q, we obtain
Conversely, assume that f (x) = A 11 (x) for all x ∈ X, where A 11 (x) is the diagonal of the 11-additive symmetric map A 11 :
, we see that f satisfies (1.1), which completes the proof of Theorem 3.1.
q.e.d.
Generalized Ulam-Hyers stability of equation (1.1)
Throughout this section, we assume that X is a linear space and Y is a (β, p)-Banach space with (β, p)-norm · Y . Let K be the modulus of concavity of · Y . For notational convenience, we define the difference operator for a given mapping f : X → Y as
for all x, y ∈ X.
Lemma 4.1. (see [27] ). Let i ∈ {−1, 1} be fixed, s, a ∈ N with a ≥ 2 and Ψ :
be a mapping satisfying
for all x ∈ X, then there exists a uniquely determined mapping
for all x ∈ X. for all x, y ∈ X. Then there exists a unique undecic mapping U : X → Y such that
for all x ∈ X, where 
Proof. Substituting x = y = 0 in (4.3), we get
Now, replacing (x, y) by (0, x) and (x, −x)in (4.3) and then adding the resulting equations, we
for all x ∈ X. Now, plugging (x, y) into (0, 2x) in (4.3), we obtain
for all x ∈ X. Using (4.5), (4.6) and (4.7), one finds
for all x ∈ X. Letting (x, y) as (6x, x) in (4.3) and subtracting the resulting equation from (4.8),
we find
for all x ∈ X. Considering (x, y) as (5x, x) in (4.3) and multiplying the resulting equation by 11 β , we have
for all x ∈ X. Subtracting (4.10) from (4.9), we get
for all x ∈ X. Replacing (x, y) by (4x, x) in (4.3), multiplying by 56 β and then using (4.5), (4.6) in the resulting equation, we obtain
for all x ∈ X. Subtracting (4.11) from (4.11), we obtain
for all x ∈ X. Taking (x, y) as (3x, x) in (4.3), multiplying by 176 β and then using (4.5), (4.6) in the resulting equation, we find
for all x ∈ X. Subtracting (4.14) from (4.13), we obtain
for all x ∈ X. Replacing (x, y) by (2x, x) in (4.3), multiplying by 385 β and using (4.5), (4.6) in the resulting equation, we find
for all x ∈ X. Subtracting (4.16) from (4.15), we obtain 627f (7x) − 6105f (6x) + 26565f (5x) − 67980f (4x) + 112893f (3x)
for all x ∈ X. Now, changing (x, y) into (x, x) in (4.3), multiplying by 627 β and then using (4.5), (4.6) in the resulting equation, one finds
for all x ∈ X. Subtracting (4.18) from (4.17), we get
for all x ∈ X. Multiplying (4.6) by 792 β and using (4.5), we have
for all x ∈ X. Subtracting (4.19) from (4.20), we obtain 
for all x ∈ X. From (4.21), we arrive at
for all x ∈ X. By Lemma 4.1, there exists a unique mapping U :
for all x ∈ X. It remains to show that U is an undecic map. By (4.3), we have
for all x, y ∈ X and n ∈ N. So D u U (x, y) Y = 0 for all x, y ∈ X. Thus the mapping U : X → Y is undecic.
q.e.d. 
for all x, y ∈ X. Then there exists a unique undecic mapping U : X → Y such that
Counter-example
In this section, using the idea of the well-known counter-example provided by Z. Gajda [9] , we illustrate a counter-example that the functional equation (1.1) is not stable for a = for all x, y ∈ R, then there do not exist an undecic mapping U : R → R and a constant δ > 0 such that |f (x) − U (x)| ≤ δ |x| 11 , for all x ∈ R.
Proof. First, we are going to show that f satisfies (5.3).
|f (x)| = n (x + 6y), 2 n (x + 5y), 2 n (x + 4y), 2 n (x + 3y), 2 n (x+2y), 2 n (x+y), 2 n (x), 2 n (y), 2 n (x−y), 2 n (x−2y), 2 n (x−3y), 2 n (x−4y), 2 n (x−5y) ∈ (−1, 1) q.e.d.
